1Functions for the General Solution of ParametricWord EquationsG.S. Makanin1H. Abdulrab2

Abstract:In this article we introduce the functions Fi(x1, x2)l1,�, ls andTh(x1, x2, x3)il1,�, l2s (i = 1, 2, 3), of the word variables xi and of thenatural number variables li, where s ‡ 0. By means of these functions,we give exactly the general solution (i.e. the set of all the solutions) ofthe first basic parametric equation: x1x2x3x4 = x3x1lx2x5, in a freemonoid.

1. IntroductionThe following four parametric equations:x1x2x3x4 = x3x1lx2x5,x1x2x3x4 = x2x3lx1x5,x1x22x3x4 = x3x12x2x5,x1x2l+1x3x4 = x3x2m+1x1x5,in a free monoid, are called basic equations. They arise in the graph of the prefixe-equations in free monoid (cf. [2], [3]) and play an important role in the hierarchy of theparametric equations, in reason of the structures of their solutions. In particular, thegeneral solution of any equation in a free monoid of the form F(x1, x2, x3) x4= Y(x1,x2, x3) x5, where F(x1, x2, x3) and Y(x1, x2, x3) are any words on the alphabet {x1, x2,x3}, is described by means of a finite number of parametric transformations and by thegeneral solutions of the basic equations.

2. Definitions and notationsLet P be a free monoid (a free semigroup with unit) with a countable alphabet ofgenerators (called also constants):a1, a2,�, ak,�(1)Letx1, x2,�, xn,�(2)be a countable alphabet of word variables, and letl1, l2,�, li,� (3)be a countable alphabet of natural number variables (called also natural parameters).We denote by f the set of all linear polynomials in naturals, of the form: k0 +�i˚=˚1r˚ki li, where r, k0, k1,�, kr are natural numbers, and l1,�, lr are naturalparameters.Define inductively a parametric word as follows:

1 Steklov Mathematical Institute, Vavilova 42, 117966, Moscow GSP-1, Russia2 LIR, INSA de Rouen, BP 08, 76131 Mont Saint Aignan Cedex, France.(E.mail: abdulrab@insa-rouen.fr).

2� Any word on the alphabet (2) is a parametric word.� If P is a parametric word, L is a linear polynomial in naturals, then (P)L is aparametric word.� If P and Q are two parametric words, then PQ is a parametric word.Every letter of the alphabet (2), and every parametric word of the form (P)L,where L is a linear polynomial in naturals, is called a parametric letter. The parametricword P is called the base of the parametric letter (P)L.By definition, two parametric words are equal if any one can be obtained fromthe other by means of the equalities:(P)0 = 1, (P)1 = P, (P)L1+ L2 = (P)L1 (P)L2,where P is a parametric word, L1 , L2 are linear polynomials in naturals.The parametric letters (P1)L1+ L3 and (P2)L1+ L3 are called left cancellable if P1equals P2, and L3 „ 0.A parametric equation in a free monoid is given by a left noncancellableequality of parametric wordsF(x1, �, xn, l1,�, lt) = Y(x1, �, xn, l1, �, lt) (4)If F and Y are empty words, the equation (4) is called the trivial equation, denoted by1.A parametric transformation is defined by the application: �x1˚fi˚W1˚(x1,�,˚xn,˚l1,�,˚lq)�.�.xn˚fi˚Wn(x1,�,˚xn,˚l1,˚�,˚lq)l1˚fi˚L1(l1,˚�,˚lq)�.�.lt˚fi˚Lt(l1,˚�,˚lq) (5)where Wi is a parametric word, and Li is a linear polynomial in naturals. Thecomponents of the form xi fi xi, and li fi li are usually omitted.The result of the application of the transformation (5) to the parametric equation(4) is the parametric equation given by the substitution of (5) and all possible leftcancellations.A parametric transformation (5) is called a parametric solution of the equation(4), if the result of the application of the transformation (5) to the equation (4) is thetrivial equation.A coefficient transformation is defined by the application: �x1˚fi˚X1�.xn˚fi˚Xnl1˚fi˚L1�.lt˚fi˚Lt (6)where Xi are words on the alphabet (1), and Li are natural numbers. The components ofthe form xi fi 1 and li fi 0 are usually omitted.A coefficient transformation (6) is applicable to the parametric equation (4) ifthe words F(X1, �, Xn, L1,�, Lt) and Y(X1,�, Xn, L1,�, Lt) coincide. Bydefinition, the result of this application is the trivial equation.A coefficient transformation (6) is called a solution of the equation (4), if thewords F(X1,�, Xn, L1,�, Lt) and Y(X1,�, Xn, L1,�, Lt) coincide.A coefficient transformation

3 �x1˚fi˚X1�.xn˚fi˚Xnl1˚fi˚L1�.lp˚fi˚Lpis called an extension of the coefficient transformation (6), if p ‡ t.We will say that the parametric transformation T contains the coefficienttransformation C, by means of the coefficient transformation C1 if TC1 = C.A list of parametric solutions of the equation E will be called a general solutionof E, if every solution of E is contained in some parametric solution of this list. Thegeneral solution of E will be denoted <E>.The length of a word A on the alphabet (1) will be denoted |A|.Let us define parametric solutions which satisfy conditions on the lengths ofsolutions, and that which satisfy conditions on natural parameters.A condition on natural parameters has the form:L1( l1, �, lq) #i L2( l1, �, lq)(7)where #i ˛{<, £, =}, and L1, L2 are linear polynomials in naturals. A coefficienttransformation (6) is called a solution of the equation E with a condition (7) on naturalparameters, if (6) is a solution of E that satisfies:L1(L1,�, Lq)) #i L2(L1,�, Lq), where #i is the relation determined by (7).A condition on the length of a solution has the form: ¶(P1(x1,�, xn, l1,�, lq)) #i ¶(P2(x1,�, xn, l1,�, lq)) (8)where #i ˛{<, £, =}, and P1, P2 are two parametric words. A coefficient transformation(6) is called a solution of the equation E with a condition (8) on the lengths of solutions,if (6) is a solution of E that satisfies:|P1(X1, �, Xn, L1,�, Lq)| #i |P2(X1, �, Xn, L1,�, Lq)|, where #i is therelation determined by (8).Let E be an equation with conditions, and let R1, �, Rm be the list of newconditions. By (E, Ri), we denote the equation E with the condition Ri. The equation Eis said to be divided into a collection of equations with conditions (E, R1), �, (E, Rm),if every solution S of E is a solution of some (E, Ri).We say that the equation E1 is reduced by the parametric transformation T to theequation E2 if E1T = E2, and for every solution S1 of the equation E1 there exists anextension S2* of a solution S2 of the equation E2 such that S1 = TS2*. We say that S2*is the image of S1 obtained by T. Note that the need of the extension S2* is justified bythe fact that T could have some variables that are not in E2.

Lemma 1:Let E1 be reduced by T to E2. And let S1 be a solution of E1 and S2* its imageobtained by T. Then we have:� If Q2 is a parametric solution of E2, then TQ2 is a parametric solution of E1.� If the parametric solution Q2 contains a solution S2 of E2, then the parametricsolution TQ2 of E1 contains the solution S1 of E1.¤

Theorem 1:Let the equation E1 be reduced by the parametric transformation T to theequation E2. If the general solution <E2> of E2 is Q1, �, Qr, � then the generalsolution <E1> of E1 is TQ1, �, TQr, �¤

Theorem 2:Let the equation E be divided into a collection of equations with conditions (E,R1), �, (E, Rm), with the list of conditions R1, �, Rm. And let the general solution

4<(E, Ri)> of (E, Ri) be Qi,1, �, Qi,r1,� Then, the general solution <E> of E is Q1,1, �,Q1,r1,� , Qm,1, �, �, Qm,rm�¤

3. The function

Fi(x1, x2)l1,�,lsDefine inductively the function Fi(x1, x2)l1,�, ls, for s ‡ 0, x1 and x2 are twoword variables, and l1,�, ls are natural parameters.Fi(x1, x2) = 1.Fi(x1, x2)l1, l2�, ls = (Fi(x2, x1)l2�, ls x2) l1 Fi(x1, x2)l3,�, ls; (s ‡ 1).In particular:Fi(x1, x2)l1 = (x2) l1Fi(x1, x2)l1, l2 = ((x1)l2 x2) l1Fi(x1, x2)l1, l2, l3 = (((x2)l3 x1) l2 x2) l1 (x2) l3.

Theorem

Fi1:The following identities hold for k ‡ 0.Fi(x1, x2)l1, �, l2k = Fi(x1, x1l2k x2)l1, �, l2k-1.Fi(x1, x2)l1, �, l2k+1 = Fi(x2l2k+1 x1, x2)l1, �, l2k x2l2k+1.¤Consider an equation of the form x1Px2� = x2Qx1� , where P, Q are words onthe alphabet x3, �, xn, � and consider the sequence of parametric transformations: (9)1.x1 fi (x2 Q)l1 x12.x2 fi (x1 P)l2 x23.x1 fi (x2 Q)l3 x14.x2 fi (x1 P)l4 x2 �2k-1.x1 fi (x2 Q)l2k-1 x12k.x2 fi (x1 P)l2k x22k+1.x1 fi (x2 Q)l2k+1 x1 �where l1, l2, � are natural parameters.

Fi2:For every natural s, the sequence (9) of the first s parametric transformation canbe collected by the following common transformation: �x1˚fi˚Fi(x1P˚,˚x2Q)l1,˚l2�,˚ls˚x1x2˚fi˚Fi(x2Q˚,˚x1P)l2�,˚ls˚x2¤

Th(x1, x2, x3)il1,l2�,l2sDefine, by a joint induction, the functions Th(x1, x2, x3)1l1, l2�, l2s, Th(x1, x2,x3)2l1, l2�, l2s, Th(x1, x2, x3)3l1, l2�, l2s, for s ‡ 0, x1, x2 and x3 are three wordvariables, and l1, l2�, l2s are natural parameters.Th(x1, x2, x3)i = 1(i = 1,2, 3).Th(x1, x2, x3)1l1, l2�, l2s =

5(Th(x1, x2, x3)3l1, l2�, l2s x3)l1 Th(x1, x2, x3)1l3, �, l2s.Th(x1, x2, x3)2l1, l2�, l2s =(Th(x1 , x2 , x3)2l3, �, l2s x2Th(x1 , x2 , x3)3l3, �, l2s x3Th(x1 , x2 , x3)1l3, � , l2sx1Th(x1, x2, x3)1l1, l2�, l2sx1)l2 Th(x1, x2, x3)2l3, �, l2s.Th(x1, x2, x3)3l1, l2�, l2s =Th(x1, x2, x3)1l3, �, l2s x1Th(x1, x2, x3)2l3, �, l2sx2Th(x1, x2, x3)3l3, �, l2s.And define inductively the auxiliary function Oc(x1, x2, x3)l1, l2�, l2s for s ‡0. Oc(x1, x2, x3) = 1. Oc(x1, x2, x3)l1, l2�, l2s =Oc(x1, x2, x3)l3�, l2s (Th(x1, x2, x3)3l3, �, l2s x3Th(x1, x2, x3)1l3, �, l2s x1Th(x1,x2, x3)2l3, �, l2sx2)l1.

Theorem

Th1:The following identities hold for s ‡ 0:Th(x1, x2, x3)1l1, l2�, l2s+2 == Th((x1x2x3)l2 s+1 x1˚, (x2 x 3 x 1 ( x 1x2x3)l2s+1x1)l2s+2x 2 , x1 x 2 x 3 )1l1,l2�,l2s(x1x2x3)l2s+1Th(x1, x2, x3)2l1, l2�, l2s+2 == Th((x1x2x3)l2 s+1 x1˚, (x2 x 3 x 1 ( x 1x2x3)l2s+1x1)l2s+2x 2 , x1 x 2 x 3 )2l1,l2�,l2s(x2x3x1(x1x2x3)l2s+1x1)l2s+2Th(x1, x2, x3)3l1, l2�, l2s+2 == Th((x1x2x3)l2s+1 x1˚, (x2x3x1(x1x2x3)l2s+1x1˚)l2s+2x2, x1x2x3)3l1,l2�, l2sx1x2Oc(x1, x2, x3)l1, l2�, l2s+2 == (x3x1x2)l2s+1 Oc((x1x2x3)l2s+1 x1˚, (x2x3x1(x1x2x3)l2s+1)l2s+2x2, x1x2x3)l1,l2�,l2s¤Consider the sequence of joint parametric transformations:(10) �x1˚fi˚(x1x2x3)l1˚x1x2˚fi˚(x2x3x1(x1x2x3)l1x1)l2˚x2x3˚fi˚x1x2x3x4˚fi˚x4˚(x3x1x2)l1 (10.1) �x1˚fi˚(x1x2x3)l3˚x1x2˚fi˚(x2x3x1(x1x2x3)l3x1)l4˚x2x3˚fi˚x1x2x3x4˚fi˚x4˚(x3x1x2)l3 (10.2)�

6 �x1˚fi˚(x1x2x3)l2s-1˚x1x2˚fi˚(x2x3x1(x1x2x3)l2s-1x1)l2s˚x2x3˚fi˚x1x2x3x4˚fi˚x4˚(x3x1x2)l2s-1 (10.s) �x1˚fi˚(x1x2x3)l2s+1˚x1x2˚fi˚(x2x3x1(x1x2x3)l2s+1x1)l2s+2˚x2x3˚fi˚x1x2x3x4˚fi˚x4˚(x3x1x2)l2s+1 (10.s+1)�

Theorem

Th2:For every natural s, the sequence of the s joint parametric transformations (10)can be collected by the following common transformation: �x1˚fi˚Th(x1,˚x2,˚x3)1l1,˚l2�,˚l2s˚x1x2˚fi˚Th(x1,˚x2,˚x3)2l1,˚l2�,˚l2s˚x2x3˚fi˚Th(x1,˚x2,˚x3)3l1,˚l2�,˚l2s˚x3x4˚fi˚x4Oc(x1,˚x2,˚x3)l1,˚l2�,˚l2s (Th)¤

4. Equations and Solutions

Proposition 1:The general solution of the equationx1x2= x2x1 (A)is described by the transformation: �x1˚fi˚x1ax2˚fi˚x1bwhere a and b are natural parameters.¤

Proposition 2:The general solution of the equationx1x2x3= x3x1x2 (B)is described by the transformations: �x1˚fi˚1x2˚fi˚1 �x1˚fi˚(x1x2)ax1x2˚fi˚(x2x1)bx2x3˚fi˚(x1x2)gwhere a, b and g are natural parameters.¤

Proposition 3:The general solution of the equationx1x3= x2ax1(C)where a is natural parameter, is described by the transformations:

7t) �x2˚fi˚1x3˚fi˚1tt) �x3˚fi˚1a˚fi˚˚0ttt) �x1˚fi˚(x1x2)bx1x2˚fi˚x1x2x3˚fi˚(x2x1)awhere b is a natural parameter.¤

Proposition 4:The general solution of the equationx1x2x3x4 = x2(x1x2)b+1x3(D)where b is a natural parameter, is described by the transformations:t) �x1˚fi˚x1gx2˚fi˚x1d< (C) with a = d + (g + d) b>.where g and d are natural parameters.¤By Fi(x1, x2)l1, l2�, l s , where s is a natural parameter, we denote thefunction depending on s, whose values are the functions Fi(x1, x2), Fi(x1, x2)l1, Fi(x1,x2)l1, l2, ...

Proposition 5:The general solution of the equationx1x3x2 = x2x1x4, with ¶(x2) > 0, ¶(x3) > 0(E)is described by the transformations:t) �x1˚fi˚Fi(x1x3,˚x2)l1,˚l2�,˚lsx1x2˚fi˚Fi(x2,˚x1x3)l2�,˚lsx2x2 fi x1x2x3 fi x2x3x4 fi x4x2< (C) with a = 1>¤By Th(x1, x2, x3)il1, l2�, l2s, where s is a natural parameter, we denote thefunction depending on s, whose values are the functions Th(x1, x2, x3)i, Th(x1, x2,x3)il1, l2, Th(x1, x2, x3)il1, l2, l3, l4, ...

Proposition 6:The general solution of the equationx1x2x3x4 = x3x12x2, with ¶(x3) > 0(F)is described by the transformationsr) : �x1˚fi˚Th(x1,˚x2,˚x3)1l1,˚l2�,˚l2s˚x1x2˚fi˚Th(x1,˚x2,˚x3)2l1,˚l2�,˚l2s˚x2x3˚fi˚Th(x1,˚x2,˚x3)3l1,˚l2�,˚l2s˚x3x4˚fi˚x4Oc(x1,˚x2,˚x3)l1,˚l2�,˚l2sx1 fi x3l2s+1x1,

8x3 fi x1x3x2 fi (x3x12(x3x1)l2s+1)l2s+2x2followed by one of the four transformations t), tt), ttt), tttt), where:t) x2 fi x3x2x1 fi x2x1x4 fi x4x2(x1x3x2)l2s+1< (D) with a = 0>tt) x2 fi x3x1(x1x3)gx2, with g < l2s+1x1 fi x2x1x4 fi (x1x3x2)l2s+1-g x1x2(x1x3x2)g< (B) >ttt) x2 fi x3x1(x1x3)gx1x2, with g < l2s+1x3 fi x2x3x4 fi (x3x1x2)l2s+1-g-1 x3x12x2(x1x3x2)g< (B) >tttt) x2 fi x3x1(x1x3)l2s+1x2x1 fi x2x1x4 fi x1x2(x1x3x2)l2s+1< (B) >¤

Proposition 7:The general solution of the equationx1x2x3x4 = x3x2(x2(x3x2)l+1)m+1x1, with ¶(x2x3) > 0(G)where l, m are natural parameters is described by the transformations:x1 fi (x3x2(x2(x3x2)l+1)m+1)rx1 , where r is a natural parameter,followed by one of the five transformations t), tt), ttt), tttt), ttttt) where:t)x3 fi x1x3x4 fi x4x3x2(x1x3x2)l(x2(x1x3x2)l+1)mx1<(F)>tt)x1 fi x3x1x2 fi x1x2x4 fi x4x1x2(x3x1x2)l(x1x2(x3x1x2)l+1)qx3x1<(D) with a = 0>ttt)x1 fi x3x2(x2(x3x2)l+1)tx1, with t< m+1.x2 fi x1x2x4 fi x2(x3x1x2)l(x1x2(x3x1x2)l+1)m-tx3x1x2(x1x2(x3x1x2)l+1)tx1<(B) >tttt)x1 fi x3x2(x2(x3x2)l+1)tx2(x3x2)ux1 with t< m+1, u< l+1.x3 fi x1x3followed by one of the three transformations tttt1), tttt2), tttt3) where:

9tttt1)x4 fi x3x2(x1x3x2)l-u-1(x2(x1x3x2)l+1)m-tx1x3x2(x2(x1x3x2)l+1)tx2(x1x3x2)ux1 , with l>u.<(B)>tttt2)x4 fi x3x2(x2(x1x3x2)l+1)tx2(x1x3x2)ux1 , with l = u, m = t.<(B)>tttt3)x4 fi x4x3x2(x1x3x2)l(x2(x1x3x2)l+1)m-t-1x1x3x2(x2(x1x3x2)l+1)tx2(x1x3x2)lx1 , with l = u, m > t.followed by the transformation <(F)> or <(C) with a = 0>.ttttt)x1 fi x3x2(x2(x3x2)l+1)tx2(x3x2)ux3x1 with t< m+1, u< l+1.x2 fi x1x2followed by one of the three transformations ttttt1), ttttt2), ttttt3) where:ttttt1)x4 fi x2(x3x1x2)l-u-1(x1x2(x3x1x2)l+1)m-tx3x1x2(x1x2(x3x1x2)l+1)tx1x2(x3x1x2)ux3x1 , with l>u.<(B)>ttttt2)x4 fi x2(x1x2(x3x1x2)l+1)tx1x2(x3x1x2)ux3x1 , with l = u, m = t.<(B)>ttttt3)x4 fi x1x2(x3x1x2)l(x1x2(x3x1x2)l+1)m-t-1x3x1x2(x1x2(x3x1x2)l+1)tx1x2(x3x1x2)lx3x1<(D) with a = 0, l = u, m > t>.¤

Proposition 8:The general solution of the equationx1x2x3x4 = (x3x1)m+2x2 with ¶(x3) > 0(H)where m is a natural parameter is described by the transformations:x1 fi x3lx1x3 fi x1x3< (G)>.¤

Proposition 9:The general solution of the equationx1x2x3x4 = x2(x1x2)tx3x1Y(x1, x2, x3)(I)where t is a natural parameter, Y(x1, x2, x3) is a parametric word, is described by thetransformations: t)t fi a + 1x4 fi x4x1Y(x1, x2, x3)<(D)> tt)t fi 0x4 fi Y(x1, x2, x3),<(B)>¤

Proposition 10:The general solution of the equationx1x2x3x4 = x3x2m+2x1 with ¶(x2) > 0(J)

10where m is a natural parameter is described by the transformations: �x1˚fi˚Fi(x1x2,˚x3x2m+2)l1,˚l2�,˚lsx1x3˚fi˚Fi(x3x2m+2,˚x1x2)l2�,˚lsx3followed by one of the two transformations t), tt) where:t)x3 fi x1x3x2 fi x3x2<(H)>tt)x1 fi x3x2ux1(u < m + 2)x2 fi x1x2<(I)>¤

Proposition 11:The general solution of the equationx1x2x3x4 = x2m+3x3x1 with ¶(x2) > 0(K)where m is a natural parameter is described by the transformations:t)x1 fi x2m+3x1<J>tt)x1 fi x2ux1(u < m + 3)x2 fi x1x2<I>¤

Proposition 12:The general solution of the equationx1x2x3x4 = x3x1m+3x2(L)where m is a natural parameter, is described by the transformations:t)x1 fi 1x4 fi 1<(A)>tt)x3 fi (x1x2)l<(C) with a = m + 2>ttt)x3 fi (x1x2)l x3x1 fi x3x1<(H)>tttt)x3 fi (x1x2)l x1 x3x2 fi x3x2<(K)>¤

Proposition 13:The general solution of the basic equationx1x2x3x4 = x3x1lx2x5(M) where l is a natural parameter, is described by the transformations:t1)l fi 0x1 fi x3x1

11x5 fi x5 x3x4<(C) with a = 1>t2)l fi 0x3 fi x1x3x5 fi x5 x4<(E) >t3)l fi 0x1 fi 1,x5 fi x4,<(A)>t4)l fi 1x5 fi x4,<(B)>t5)l fi 2x4 fi x4x5<(F)>t6)l fi 2x3 fi 1,x4 fi x4x5<(C) with a = 1>t7)l fi m+ 3x4 fi x4x5<(L)>¤

Bibliography[1] Yu. I. Kmelevski�, Equations in free semigroups, Trudy Mat. Inst. Steklov. 107(1971); English transl. Proc. Steklov Inst. Math. 107 (1971). (1976).[2] G.S. Makanin. On general solution of equations in free semigroups, proceedings ofIWWERT’91, LNCS n. 677. Edited by H. Abdulrab and J.P. P�cuchet. pp. 1-5.[3] G.S. Makanin, H. Abdulrab. On General Solution of Word Equations. Proceedingsof "Important Results and Trends in Theoretical Computer Sciences", 9-10 June 1994,Graz, Autriche. LNCS, n: 812, p.p. 251-263.